Using Lagrange multipliers for inequality constraints, an upper bound on the absorptive part of elastic scattering amplitudes is derived assuming unitarity, a fixed total and elastic cross section, and the condition that the partial waves decrease monotonically with increasing angular momentum.
INTRODUCTION
Consider the elastic scattering of equal mass particles of spin zero, Given the total cross section and the elastic cross section, as well as the unitarity requirement on the partial wave amplitudes, how large can the absorptive part of the elastic scattering amplitude become at any given scattering angle? This problem has been solved by Singh and RoyI and the maximum value has been compared with experimental differential cross sections at high energies and for small scattering angles on the basis of several further assumptions : (1) At high energies, the equal mass assumption can be relaxed.
(2) The unpolarized differential cross sections are independent of the spin of the external particles and, hence, the spin zero bound applies. (3) The amplitude, in the region of the diffraction peak, is purely imaginary. The comparison' with experimental data is rather good for small angles, but for larger angles the data falls far below the calculated bound.
The distribution of partial Wave amplitudes which achieves this bound looks very much like a Fresnel zone plate, carefully constructed to maximize the scattering in the given direction., The distribution is illustrated as the shaded region of Fig0 1, the details of which will be explained later. The larger the angle, the more zones are required. More conventional models of matter would have a central core surrounded perhaps by successively less absorptive regions. A particularly simple way to implement this intuition is to require the imaginary parts of the partial wave amplitudes to decrease monotonically with increasing angular momentum. 2 This is not unreasonable for energies above resonances.
Adding this assumption to those given above should yield a better bound at larger angles, precisely where the preceding one fails. It is to the solution of this problem that this paper is devoted. The approach used in the construction of the -2-solution is the method of Lagrange multipliers generalized to include inequality constraints O 3
In Section 2, the mathematical problem is formulated and solved exactly.
In Section 3, the same problem is simplified by approximating the discrete partial wave series by a continuum and by assuming the scattering angle is small. Section 4 compares the improved bound with experimental data and interpretes the results., Finally, in Section 5, we summarize our conclusions.
In an appendix, a number of sums are tabulated. In addition, we require that the partial waves decrease monotonically, i. e.,
However, thinking of the requirements of statistics as well as of most dynamical models, one would like to impose this requirement separately on the even and odd partial waves, i.e.
Fortunately, this is a minor complication.
To avoid notational confusion, we solve the problem first assuming (1) In particular, this means that Q! 2 P LN '
Now we come to the heart of the problem, how to determine the plateaus of constancy. The three points immediately above suggest that the multipliers a and Q! determine where B 1 stops and the value of largest nonzero partial wave I , amplitude, just as in the case without the monotonicity requirement.
In I, we . shall find that the transition poini% are determined independently of a and a!. In other words, rT and eel determine the size of the core (Bl) and the value of the largest contributing partial wave (Bo) D However, in the intermediate region (I), the shape of the distribution is determined solely by the requirement that the strength of the partial wave amplitudes should be monotonically decreasing. To see this, consider any particular plateau
We know that oL =O. Using the difference equation (5b), one can then solve j
using a~ +N =O, we find 
We may summarize all of these inequalities as
As the derivation shows, either of the two inequalities in (8b) implies the other D Notice that all reference to 01 and a have disappeared so that the plateau interval [ 1 Lj, Lj+Nj may be determined solely by properties of the Legendre polynomials.
Since successive plateaus must be monotonically decreasing, the condition L +NCpQ>L > 01 is significant only for the last interval, i.e., only for determining jj j Bo. Thus we may determine all possible plateau intervals independently of the multipliers CY and a. Since for a maximum (Y is greater than zero, we may 'restrict our determination to those for which L "+,<pQ>, > 0. jj j -Q-
We have now completely characterized the necessary conditions on a local maximum. In summary, the last value NO in B1 must satisfy a(PN -a) 2 1. If 0 ai-1 > at > al+l, then 1 > a1 =a(P,-o) > 0. The plateau interval must satisfy the sets of inequalities expressed by Eqs. (8a) and (8b). On a plateau,
Finally, the first partial wave LN for which at vanishes must satisfy Q! 2 P LN'
To determine the local maximum, one must determine the sufficiency of these many conditions. We have not been able to show that these conditions uniquely determine the local maximum; indeed, we suspect that one can probably find some angles for which the local maximum is not unique. 5 Given any given scattering angle, one can use the inequalities to determine the plateau intervals. Then, given uT and o,,, one can try to determine CY and a to satisfy the equality constraints. In practice, it is easier and faster to choose Q! and a and to then calculate the corresponding c T and
It is a simple matter now to solve the problem where the monotonicity requirement is applied to the even and odd partial waves separately (Eq. One could, of course, also generalize the monotonicity condition separately applied to the even and odd partial waves by defining partial wave amplitudes of even and odd signature, but for simplicity, we will ignore this alternative. We will also assume that a(x) is a continuous function, so the most As a becomes large, Jo(yO) N Jo(xd ., Since both these points must lie on falling part of the curve a(x), one has y0 = xN as a gets large. Thus the ratio uel/oT
On the other hand, if a is smaller than (l-a) -1 approaches unity as a gets large. , then BI is empty and one expects a small value of the ratio ael/uTO Given values of oT and gel from experimental data, one can determine a and Q! and, subsequently, the maximum value of the absorptive part of the scattering amplitude may be computed. We now turn to the numerical computations.
NUMERICAL RESULTS AND CONCLUSIONS
Because it is somewhat easier to evaluate, we discuss in detail the results in the continuum approximation.
We have compared this to the evaluation in the discrete case and found little difference for the momentum transfers with which we will be concerned below. We believe that for the entire range of data presented, the continuum approximation gives a bound within a few percent of the actual bound, and, as we shall see, it is of little interest to inquire into the precise discrepancy.
To find numerical values for the upper bound, the candidates for plateau intervals must first be determined. Inasmuch as the variable p has been ascribed some significance, 132 let us comment on this variable. Suppose B1 were empty, so that yo=O. Then since a(x)/a is independent of a for all x, the ratio
is independent of a and depends only on Q! 0 I However, setting yo=O in Eqs. (15) and (16)) one sees that Q is determined by the ratio Therefore, if Bl is empty, A/A0 is a function of p only, a property which has been called "universality". 192 This result is independent of the monotonicity assumption. However, the actual values-for the experimental data usually require that Bl g be empty. Thus, in general, the upper bound derived here will depend on R as well as on p. Jn fact, one can show that where the differentiation is performed for fixed p 0 While this is zero when Bl is empty, it is not zero in general. Even assuming the real part of the scattering amplitude is negligible, we found that only for very small values of the I momentum transfer does the bound approximate the data, An exponential fit to the data is a good approximation far beyond values of t for which our bound is relevant.
One should note that the values of the. aQ which realize the maximum at a particular angle depends on that angle. The upper bound plotted in our graphs
is not a reflection of any one set of partial wave amplitudes, but rather, as the angle changes, the values of the aQ also change. Thus, for example, the area under the upper bound could be much larger than ~~1, and this turns out to be the case.
We conclude that, if the shape of diffraction peaks is to be understood, it is not on the basis of the naive considerations discussed here. There is probably 
